Almost self-complementary circulant graphs  by Dobson, Edward & Šajna, Mateja
Discrete Mathematics 278 (2004) 23–44
www.elsevier.com/locate/disc
Almost self-complementary circulant graphs
Edward Dobsona , Mateja (Sajnab;∗;1
aDepartment of Mathematics and Statistics, Mississippi State University, PO Drawer MA,
MS 39762, USA
bDepartment of Mathematics and Statistics, University of Ottawa, 585 King Edward Avenue,
Ottawa, Ont., Canada K1N 6N5
Received 17 September 2001; received in revised form 17 December 2002; accepted 26 May 2003
Abstract
An almost self-complementary graph is a graph isomorphic to its complement minus a 1-factor.
An almost self-complementary circulant graph is called cyclically almost self-complementary if it
has an isomorphic almost complement with the same regular cyclic subgroup of the automorphism
group. In this paper we prove that a cyclically almost self-complementary circulant of order 2n
exists if and only if every prime divisor of n is congruent to 1 modulo 4, thus extending the
known result on the existence of self-complementary circulants. We also describe the structure
of cyclically almost self-complementary circulants and the action of their automorphism groups.
Finally, we exhibit a class of almost self-complementary Cayley graphs on a dihedral group that
are isomorphic to cyclically almost self-complementary circulants.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
A graph  is called self-complementary if it is isomorphic to its complement c.
The study of self-complementary graphs began with Sachs [18] and Ringel [17], and
a lot of work on various aspects of these graphs has been done since. It is now
well known that a self-complementary graph of order n exists if and only if n ≡ 0
or 1 (mod 4). If a self-complementary graph is to be regular, however, its order n
must be odd and therefore n ≡ 1 (mod 4). Rao [16] and Muzychuk [15] showed that
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a self-complementary vertex-transitive graph of order n exists whenever every prime
divisor p of n satisAes the condition that if pm is the highest power of p dividing n,
then pm ≡ 1 (mod 4). Further restrictions must be placed on the order to guarantee
the existence of a self-complementary circulant. The following result was proved by
Fron(cek et al. [10] using graph-theoretic means, and by Alspach et al. [1] using the
theory of permutation groups.
Theorem 1.1 (Fron(cek et al. [10]; Alspach et al. [1]). A self-complementary circulant
of order n exists if and only if every prime divisor of n is congruent to 1 modulo 4.
The restriction that the order of a self-complementary regular graph be odd prompted
Brian Alspach to ask about the existence of graphs that are “almost” self-complementary.
Denition 1.2. An almost complement of a graph  of even order is a graph obtained
by removing the edges of a 1-factor from the complement of . A graph  is called
almost self-complementary if it is isomorphic to one of its almost complements.
The purpose of this paper is to prove the following generalization of Theorem 1.1.
Theorem 1.3. There exists an almost self-complementary circulant graph of order 2n
such that its isomorphic almost complement has the same regular cyclic subgroup of
the automorphism group if and only if every prime divisor of n is congruent to 1
modulo 4.
We give two proofs. The Arst one, an extension of the proof of Theorem 1.1 by
Fron(cek et al. [10], will be presented in Section 3. The second proof, inspired by the
proof of Theorem 1.1 by Alspach et al. [1], will come at the end of Section 4 as a
by-product of analyzing the structure of almost self-complementary circulants.
2. Preliminaries
We begin with some basic deAnitions from graph theory. For any terms not deAned
here, the reader is referred to [4]. All graphs in this paper are assumed to be undirected
and simple. The order of a graph  is the number of vertices in its vertex set V ().
For a graph  and S ⊆ V (), [S] denotes the subgraph of  induced by the set S.
We use c to denote the complement of a graph .
The wreath (or lexicographic) product of graphs 1 and 2 is a graph 1K2 with
vertex set V (1) × V (2) such that (x1; x2) ∼ (y1; y2) in 1K2 if and only if either
x1 = y1 and x2 ∼ y2 in 2, or x1 ∼ y1 in 1. Thus, the wreath product 1K2 is
obtained by replacing each vertex of 1 by a copy of 2 and inserting all possible
edges between two copies of 2 that correspond to a pair of adjacent vertices in 1.
We continue with some deAnitions from the theory of permutation groups. All
groups are assumed to be Anite. With the exception of the cyclic group Zn, we use
multiplicative notation for groups and denote the identity of the group G by idG, or
simply by id. If G is a group and g∈G, then |g| denotes the order of the element g
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in G, and 〈g〉 denotes the cyclic subgroup of G generated by g. For groups G and
H , we write H6G, H ¡G, and H / G to indicate that H is a subgroup, a proper
subgroup, and a normal subgroup of G, respectively. A subgroup H of G is called
characteristic in G if for any automorphism  of G we have  (H)=H . Observe that
if H is a characteristic subgroup of K , and K is a normal subgroup of G, then H is
a normal subgroup of G. Recall that a group G is called a p-group for some prime
p if the order of every element in G is a power of p. It is an easy corollary of the
Sylow theorems that a group is a p-group if and only if its order is a power of p.
By S we denote the set of all permutations acting on a Anite set . If ||= n, we
also write Sn for S and call Sn the symmetric group of degree n. A permutation group
is any subgroup of the symmetric group. If K is a permutation group acting on Zm and
H is a permutation group acting on a set , then we deAne the wreath product KKH
to be the permutation group on Zm ×  with elements acting as f(i; x) = (k(i); hi(x))
for k ∈K and hi ∈H .
Let G be a permutation group acting on a set . G is called transitive if for every
two points a; b∈ there exists g∈G such that g(a)=b. If for every two ordered pairs
of points (a; a′); (b; b′)∈ ×  there exists g∈G such that g(a) = b and g(a′) = b′,
then G is called doubly transitive.
A set B ⊆  is called a block of a group G if for every g∈G, either g(B) = B or
g(B)∩B=∅. Clearly, the empty set,  itself, and all one-point subsets of  are always
blocks. These are called the trivial blocks and all other blocks are called nontrivial. A
set G(a) = {g(a): g∈G} for a∈ is called an orbit of a permutation group G. It is
not diGcult to see that orbits are minimal Axed blocks. A transitive permutation group
that has no nontrivial blocks is called primitive; otherwise it is called imprimitive. The
following is an easy observation.
Proposition 2.1 (Wielandt [20, Proposition 6.2]). Let G be a permutation group and
H6G. If B is a block of H and g∈G, then g(B) is a block of gHg−1.
From this it follows that if B is a block of a permutation group G, then for each
g∈G, g(B) is also a block. If G is transitive, there is a partition of  obtained by
taking B and all its images under the action of G. This partition is called the complete
block system of G generated by B. All blocks in a complete block system have the
same cardinality, called the size or the length of a block. So the length of a block of a
transitive permutation group divides the degree of the group, that is, ||. The following
result, known as the Orbit-Stabilizer Theorem, on the other hand, shows that the length
of an orbit of any permutation group divides its order. We use StabG(a) to denote the
stabilizer of the point a in G, that is, the subgroup StabG(a) = {g∈G: g(a) = a}.
Theorem 2.2 (Wielandt [20, Theorem 3.2]). Let G be a permutation group acting on
a set  and a∈. Then |G|= |G(a)| · |StabG(a)|.
A transitive permutation group is called regular if StabG(a) = {id} for all a∈. It
follows easily from the Orbit-Stabilizer Theorem that a transitive permutation group is
regular if and only if |G|= ||.
26 E. Dobson, M. -Sajna /Discrete Mathematics 278 (2004) 23–44
How do we And blocks of a permutation group? The following easy observation can
be useful.
Proposition 2.3 (Wielandt [20, Proposition 7.1]). Let G be a transitive permutation
group with a nontrivial intransitive normal subgroup N. Then G is imprimitive and
the orbits of N form a complete block system of G.
If a transitive group is imprimitive, its blocks can be used to deAne new permutation
groups that may assist us in analyzing the action of the group. We deAne two such
permutation groups below.
Denition 2.4. Let G be a transitive permutation group of degree mk that admits a
complete block system B of m blocks of size k. The >xer of B in G, denoted by
AxG(B), is a subgroup of G that Axes each block of B set-wise; that is, AxG(B) =
{g∈G: g(B) = B for every B∈B}.
Furthermore, we observe that every g∈G permutes the blocks of B and hence
induces a permutation in Sm which we denote by g=B. We deAne the permutation
group G=B6 Sm by G=B = {g=B: g∈G}. Notice that AxG(B) / G and that G=B is
isomorphic to the quotient group G=AxG(B).
When working with permutation groups, it is sometimes useful to refer to the un-
derlying abstract group. The following deAnition makes this precise.
Denition 2.5. A (permutation) representation of an abstract group G on a set  is a
permutation group H6 S together with a homomorphism  :G → H . A representation
(H; ) of G is called faithful if Ker() = {idG}. Representations (H1; 1) and (H2; 2)
of G on 1 and 2, respectively, are said to be equivalent if there exists a bijection
 :1 → 2 such that (1(g)(a)) = 2(g)((a)) for all a∈1 and all g∈G.
The following criterion for equivalence of representations will be used in Lemma
4.8.
Lemma 2.6 (Dixon and Mortimer [7, Lemma 1.6B]). Let (H1; 1) and (H2; 2), where
H16 S1 and H26 S2 , be representations of an abstract group G, and let J6G be
such that 1(J ) is the stabilizer of a point in H1. Then the representations (H1; 1)
and (H2; 2) are equivalent if and only if 2(J ) is the stabilizer of a point in H2.
The next two deAnitions connect groups with graphs in two diMerent ways.
Denition 2.7. An automorphism of a graph  is an isomorphism of  onto itself; that
is, a permutation of the vertex set of  that preserves adjacency. The automorphism
group of , denoted by Aut(), is the group of all automorphisms of the graph .
Denition 2.8. Let G be a group and S ⊆ G such that S−1 = S and id ∈ S. A Cayley
graph on the group G and with connection set S, denoted by C(G; S), is a graph with
E. Dobson, M. -Sajna /Discrete Mathematics 278 (2004) 23–44 27
vertex set G and with vertex g adjacent to vertex h if and only if there exists s∈ S
such that g= hs.
The conditions S−1 = S and id ∈ S guarantee that the graph C(G; S) is undirected
and loopless. For every g∈G, the permutation g of G, deAned by g(h)=gh, preserves
adjacency in C(G; S). It is then not diGcult to see that {g: g∈G} is a regular permu-
tation group isomorphic to G. It is called the left-regular representation of G. Hence
the automorphism group of a Cayley graph C(G; S) contains a subgroup isomorphic
to G that acts regularly on the vertex set.
Denition 2.9. A circulant graph (or shortly, a circulant) X(n; S) is a Cayley graph
on a cyclic group of order n with connection set S.
Since all cyclic groups of order n are isomorphic, we may assume that X(n; S) is
generated by the group Zn. The regular representation of Zn in the automorphism group
will normally be denoted by 〈〉, where we may assume that =(0 1 : : : n−1). Imagine
the circulant X(n; S) drawn with its vertices arranged in a circle and with two vertices
x and y adjacent if and only if their distance measured along the circle, called the
length of the edge {x; y}, is an element of S. If k ∈Zn, then k acts by rotating each
vertex by a distance of k. This observation, together with Proposition 2.3, implies that
the automorphism group of a circulant has a unique complete block system for each
given block size. The following, slightly more general proposition, whose proof is left
to the reader, makes this precise.
Proposition 2.10. Let G be a permutation group with a regular cyclic subgroup 〈〉.
If B is a complete block system of G with k blocks of size d, then the blocks in B
are the orbits of 〈k〉.
The following classical result by Burnside [5] can be used to describe the action of
the automorphism group of a circulant of prime order.
Theorem 2.11 (Burnside [5]). Let G be a transitive permutation group acting on a
set  of a prime order p. Then G is either doubly transitive or else, after relabeling
the elements of  by the elements of Zp, G¡ {ax + b: a∈Z∗p; b∈Zp}= AGL1(p).
Hence if X is a circulant of prime order p that is neither complete nor edgeless,
since Aut(X ) is transitive but cannot be doubly transitive on the vertex set Zp, every
∈Aut(X ) acts as (x) = ax + b for some a∈Z∗p, b∈Zp.
What about circulants of composite order? In that case, as we shall now explain, the
automorphism group must be imprimitive.
Denition 2.12. Let G be a Anite group. If every primitive group containing the regular
representation of G as a transitive subgroup is doubly transitive, then G is called a
Burnside group.
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Theorem 2.13 (Wielandt [20, Theorem 25.3]). Every cyclic group of composite order
is a Burnside group.
Burnside groups are especially nice for Cayley graphs. If we form a Cayley graph 
on a Burnside group G, then Aut() contains a regular representation of G which is
transitive on the vertex set. If  is neither complete nor edgeless, then Aut() cannot
be doubly transitive and so it must be imprimitive. Theorem 2.13 then implies the
following useful observation.
Proposition 2.14. If X is a circulant graph of composite order that is neither complete
nor edgeless, then Aut(X ) acts imprimitively on the vertex set of X.
3. Early observations and the rst proof
We now turn our attention to almost self-complementary circulants. First, let us think
about what makes the problem of almost self-complementary circulants diMer from that
of self-complementary circulants. If X is a self-complementary circulant, then every
automorphism of X is also an automorphism of X c. Hence X and X c have the same
automorphism group and therefore the same regular cyclic subgroups of the automor-
phism group. The equivalent may not be the case for an almost self-complementary
circulant X and its isomorphic almost complement X ′ since an automorphism of X
may map some of the edges of X ′ to the edges of that missing 1-factor. A simple
example shows that this can indeed happen (Fig. 1). Notice that = (0 1 2 3 4 5) is
in Aut(X ) but not in Aut(X ′).
The above example makes it clear that the condition that X and its isomorphic almost
complement have the same regular cyclic subgroup of the automorphism group cannot
be omitted from the statement of Theorem 1.3. Hence, the following deAnition.
Denition 3.1. Let X be a circulant. A cyclic almost complement of X , denoted by
X ∗, is an almost complement of X such that Aut(X ) and Aut(X ∗) have a regular cyclic
subgroup in common. A circulant X is called cyclically almost self-complementary if
it is isomorphic to its cyclic almost complement.
3
2
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3
2
1
0
5
4
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1
0
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4
Fig. 1. An example of an almost self-complementary circulant X , its isomorphic almost complement X ′, and
the remaining 1-factor I , such that Aut(X ) and Aut(X ′) have no regular cyclic subgroup in common.
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Are there noncyclically almost self-complementary circulants other than the example
in Fig. 1? We have found there are none with order at most 14. If they do exist,
what are the necessary and suGcient conditions for their existence? Can a cyclically
almost self-complementary circulant have an isomorphic noncyclic almost complement?
At this point we do not know. These are certainly problems worth exploring though
they seem to require an approach quite diMerent from ours.
For the rest of the paper we limit ourselves to the study of cyclically almost
self-complementary circulants. As we shall see in the next lemma, our work will
be made much easier by the fact that a circulant has a unique cyclic almost com-
plement for each regular cyclic subgroup of the automorphism group that the two
circulants are to have in common. Observe that if X = X(2n; S) and X ∗ is its cyclic
almost complement, than we may assume that X ∗ is of the form X ∗=X(2n; S∗) where
S ∩ S∗ = ∅.
Lemma 3.2. Let X = X(2n; S) be a circulant and X ∗ = X(2n; S∗) its cyclic almost
complement. Then S ∪ S∗=Z2n−{0; n}. In other words, K2n decomposes into X , X ∗,
and the 1-factor I =X(2n; {n}).
Proof. Since X (2n; S ∪ S∗) ∼= K2n − I , where I is a 1-factor, the only possibility is
S ∪ S∗ = Z2n − {0; n} and I =X(2n; {n}).
Denition 3.3. We call I=X(2n; {n}) the 1-factor associated with the cyclically almost
self-complementary circulant X =X(2n; S).
Note: We shall use I to denote both the graph X(2n; {n}) and, for simplicity, the
1-factor as a set of edges.
Corollary 3.4. If X =X(2n; S) is a cyclically almost self-complementary circulant of
order 2n, then n is odd and X must be connected.
Proof. Let X ∗ = X(2n; S∗) be the cyclic almost complement of X . By Lemma 3.2,
neither S nor S∗ contains an element of order 2 so that |S| = |S∗| is even. Hence
2n− 2 ≡ 0 (mod 4), that is, n ≡ 1 (mod 2), and we may assume n¿ 3.
To prove that X is connected it suGces to show that either S∩Zn or S∗∩Zn contains
a pair of relatively prime elements. Indeed, if S ∩Zn does not contain two consecutive
integers, then either S ∩Zn or S∗ ∩Zn must contain two consecutive odd integers, and
we are done.
It is about time we asked if cyclically almost self-complementary circulants exist at
all. Well, by Fron(cek et al. [10] and Alspach et al. [1] there exists a self-complementary
circulant of order n whenever every prime divisor of n is congruent to 1 modulo 4. Now
notice that for every self-complementary circulant Xn of order n, XnKKc2 is an almost
self-complementary circulant of order 2n with a cyclic almost complement X cn KK
c
2 .
Hence, the following lemma that settles the suGciency part of Theorem 1.3.
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Lemma 3.5. There exists a cyclically almost self-complementary circulant of order
2n whenever every prime divisor of n is congruent to 1 modulo 4.
We mention here that Suprunenko’s construction [19] for self-complementary Cayley
graphs can also be used to construct almost self-complementary Cayley graphs. We
summarize the method in its most general form as follows. If G is a group and S1; S2 ⊆
G such that id ∈ Si and Si=S−1i for i=1; 2, then every group automorphism  such that
(S1)=S2 induces an isomorphism from 1=C(G; S1) to 2=C(G; S2). If in addition,
S1 ∪ S2 = G − {id}, then 1 will be self-complementary, and if S1 ∪ S2 = G − {id; g}
where g∈G is of order 2, then 1 will be almost self-complementary. To construct
an almost self-complementary circulant of order 2n it is therefore suGcient to And
∈ S2n with Axed points 0 and n such that all cycles (other than the Axed points) in
its cyclic form have length a multiple of 4. This ensures that a set S1 that contains
every second point from each of these cycles, and S2 = Z2n − {0; n} − S1 satisfy the
required conditions. Notice that an almost self-complementary circulant constructed in
this way is necessarily cyclically almost self-complementary.
A question we may now ask is whether all cyclically almost self-complementary
circulants can be constructed in this fashion. Since Suprunenko’s construction pro-
duces graphs that are Cayley-isomorphic, that is, isomorphic via a group automorphism,
and since not every two isomorphic circulants are Cayley-isomorphic [14], one would
think the answer is negative. Indeed, Liskovets and PPoschel [12] and independently,
Jajcay and Li [11] have shown that for any prime p ≡ 1 (mod 8) there exists a
self-complementary circulant of order p2 that is non-Cayley isomorphic to its comple-
ment. If X is such a self-complementary circulant, then XKKc2 is a cyclically almost
self-complementary circulant that cannot be obtained using Suprunenko’s construction.
Let us now prove Theorem 1.3 by extending the result of Fron(cek et al. (Theorem
1.1). Their main tool is the following simple but powerful observation, the proof of
which can be found in [10].
Proposition 3.6 (Fron(cek et al. [10]). Let  = C(G; S) be a Cayley graph and p an
odd prime. Let wp denote the total number of closed walks of length p based at a
>xed vertex in , and let rp denote the number of elements of order p in S. Then
wp ≡ rp (modp).
Fron(cek et al. then prove that if C(G; S) is a self-complementary Cayley graph and p
an odd prime such that G contains a unique subgroup of order p, then p ≡ 1 (mod 4).
The necessity part of Theorem 1.1 then follows immediately. Let us see how this
result can be generalized so it can be applied to cyclically almost self-complementary
circulants.
Proposition 3.7. Let  = C(G; S) and ′ = C(G; S ′) be isomorphic Cayley graphs
on the group G and let p be an odd prime. Let rp and r′p denote the number of
elements of order p in S and S ′, respectively, and assume that rp + r′p =p− 1. Then
p ≡ 1 (mod 4).
E. Dobson, M. -Sajna /Discrete Mathematics 278 (2004) 23–44 31
Proof. Let wp denote the number of closed walks of length p based at a Axed vertex
in , and therefore also in ′. Since S = S−1 and S ′ = S ′−1, and since p = 2, rp
and r′p are even numbers and by Proposition 3.6, rp ≡ wp ≡ r′p (modp). These two
observations, together with the assumption rp + r′p = p − 1, imply that rp = r′p = 2k
for some k ∈Z. Hence, p= 4k + 1.
Proof of Theorem 1.3. SuGciency has been shown in Lemma 3.5.
Now let X =X(2n; S) be a cyclically almost self-complementary circulant and X ∗=
X(2n; S∗) its cyclic almost complement. By Lemma 3.2, S∪S∗=Z2n−{0; n} and since
Z2n contains a unique subgroup of order p for every odd prime p dividing n, S ∪ S∗
contains exactly p−1 elements of order p. It now easily follows from Proposition 3.7
that p ≡ 1 (mod 4).
4. Structure of cyclically almost self-complementary circulants
In this section we explore the structure of cyclically almost self-complementary cir-
culants in more detail and thus also give a second, permutation group-theoretic proof
of Theorem 1.3. We begin with a few lemmas that will be useful tools for working
with blocks of cyclically almost self-complementary circulants. The Arst one, due to
Morris [13], is based on the fact that a circulant has a unique complete block system
with blocks of a given size. The proof is not diGcult and the reader may wish to do
it as an exercise.
Lemma 4.1 (Morris [13]). Let G6 Sk contain a regular cyclic subgroup 〈〉. Assume
that G admits a complete block system E of s blocks of size ‘, necessarily formed
by the orbits of 〈s〉. Furthermore, assume that AxG(E)|E admits a complete block
system of q blocks of size r, necessarily formed by the orbits of 〈qs〉|E for some
E ∈E, where qr = ‘. Then G admits a complete block system C of qs blocks of size
r formed by the orbits of 〈qs〉.
Lemma 4.2. Let X and X ′ be isomorphic circulants of order n with the same vertex
set and the same regular cyclic subgroup 〈〉 of the automorphism group, and let
B be a complete block system of Aut(X ). Then B is a complete block system of
Aut(X ′) and any isomorphism ’ from X to X ′ acts as a permutation on B.
Proof. By Proposition 2.10, a circulant with a regular cyclic subgroup 〈〉 of the
automorphism group has a unique block system with blocks of some length d, namely
the collection of orbits of 〈n=d〉. It now follows easily that Aut(X ) and Aut(X ′) have
the same blocks.
Let d be the length of the blocks in B and let ’ be any isomorphism from X to
X ′. Then 〈’n=d’−1〉 is a subgroup of Aut(X ′) with orbits ’(Bi) for Bi ∈B. Since
〈’’−1〉 is a regular cyclic subgroup of Aut(X ′), the orbits of 〈’n=d’−1〉, that is,
the sets ’(Bi), are blocks of Aut(X ′) and therefore elements of B. Hence, ’ permutes
the blocks in B.
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The above lemma allows us to say some nice things about the subgraphs of a
cyclically almost self-complementary circulant that are induced by its blocks.
Lemma 4.3. Let B be a block of Aut(X ), where X is a cyclically almost self-
complementary circulant of order 2n. If |B| is odd, then X [B] is a self-complementary
circulant. If |B| is even, then X [B] is a cyclically almost self-complementary
circulant.
Proof. First note that the induced subgraph X [B] is a circulant with the regular cyclic
subgroup 〈n=d〉, where d is the length of the block B.
Let ’ be an isomorphism from X to X ∗. Then ’ maps a block B to a block
’(B)=k(B) for some k ∈Z2n. Hence X [B] is isomorphic to X ∗[k(B)] which in turn
is isomorphic to X ∗[B].
Now, if |B| is odd, then by Lemma 3.2 K2n[B] does not contain any edges of the
1-factor I associated with X . Hence, X [B] is self-complementary. If |B| is even, on the
other hand, then by Lemma 3.2 I [B] is a 1-factor in K2n[B], and so X [B] is cyclically
almost self-complementary.
When the automorphism group of a cyclically almost self-complementary circulant
X of order 2n has a complete block system B with nontrivial blocks of odd size,
a graph XB with vertex set B can be deAned in a natural way such that XB is a
cyclically almost self-complementary circulant, which allows for the use of induction
in the proofs. The next lemma will make this clear. We call blocks B; B′ ∈B opposite
if B′ = n(B).
Lemma 4.4. Let X be a cyclically almost self-complementary circulant with 〈〉6
Aut(X ) such that Aut(X ) admits a complete block system B with 2s blocks of odd
size r ¿ 1. Let XB and IB be the graphs with vertex set B de>ned as follows. Two
blocks of B are adjacent in IB if and only if they are opposite, and they are adjacent
in XB if and only if they are nonopposite and the number of edges of X between
them is of opposite parity to the number of edges of X ∗ between any two opposite
blocks.
Then XB is a cyclically almost self-complementary circulant and IB is its associated
1-factor.
Proof. First, notice that XB is well deAned since any two opposite blocks have the
same number of edges of X ∗ between them. The edges of I appear only between a pair
of opposite blocks. Observe that IB is isomorphic to a 1-factor and XB is a circulant
with 〈=B〉 as a regular cyclic subgroup of the automorphism group.
Now take any isomorphism ’ from X to its cyclic almost complement X ∗. By
Lemma 4.2, ’ maps the complete block system B onto itself. Furthermore, it maps a
pair of blocks with an even (respectively, odd) number of edges of X between them
to a pair of blocks with an even (respectively, odd) number of edges of X ∗ between
them. Hence, ’ induces a bijection on B that maps every pair of vertices of XB that
are adjacent in XB to a pair of vertices that are adjacent neither in XB nor in IB. This
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implies that XB is a cyclically almost self-complementary circulant graph and IB is its
associated 1-factor.
We mentioned in the beginning of Section 3 that a self-complementary circulant and
its complement always have the same automorphism group. In the next two lemmas
we shall see that a cyclically almost self-complementary circulant X and its cyclic
almost complement X ∗ also have the same automorphism group. In other words, any
automorphism of X , as well as any isomorphism from X to X ∗, preserves the asso-
ciated 1-factor. Note that saying that Aut(X ) preserves the 1-factor associated with X
is equivalent to saying that Aut(X ) admits a complete block system with blocks of
size 2.
Lemma 4.5. Let X be a cyclically almost self-complementary circulant graph of order
2n such that Aut(X ) preserves the associated 1-factor I. Then Aut(X )=Aut(X ∗) and
for any isomorphism ’ from X to X ∗, ’ preserves I .
Proof. For any ∈Aut(X ), we have (E(X ))=E(X ) and by the assumption, (I)= I .
Hence (E(X ∗)) = E(X ∗), which implies Aut(X ) ⊆ Aut(X ∗). Similarly, we obtain
Aut(X ∗) ⊆ Aut(X ).
To prove the second statement of the lemma, let ’ be an isomorphism from X to
X ∗. Suppose ’(I) = I . Then there exists e∈E(X ∗) such that ’(e)∈ I . By a simple
counting argument we can see that there must exist an edge of X ∗ of the form k(e)
for some k ∈Z2n such that ’(k(e)) ∈ I . On the other hand, notice that ’(k(e)) =
’k’−1(’(e)), where ’k’−1 ∈Aut(X ∗) = Aut(X ) and ’(e)∈ I . Since we assumed
Aut(X ) Axes I setwise, we have a contradiction.
Lemma 4.6. Let X = X(2n; S) be a cyclically almost self-complementary circulant
graph with the associated 1-factor I . Then Aut(X ) preserves I .
Proof. We prove this by induction. Let X =X(2n; S) be the smallest cyclically almost
self-complementary circulant such that its automorphism group does not preserve the
associated 1-factor. Then X has no blocks of size 2. However, since X is neither
complete nor edgeless and its order is composite, Aut(X ) must be imprimitive and one
of the following cases applies.
Case 1: Aut(X ) has a nontrivial block B of even length ¿ 4. Since Aut(X ) does not
preserve I , there exists ∈Aut(X ) such that (I) = I . Without loss of generality, we
may assume that (I [B])* I . Now (B)=k(B) for some k ∈Z2n and hence −k(B)=
B. But then −k|B is an automorphism of the cyclically almost self-complementary
circulant X [B] that does not preserve the associated 1-factor I [B], contradicting the
minimality of X .
Case 2: Aut(X ) has a block B of odd length less than n. Let B be the complete
block system of Aut(X ) generated by B. DeAne the graphs XB and IB on the vertex
set B as in Lemma 4.4. Thus XB is a cyclically almost self-complementary circulant
and IB is its associated 1-factor. Since X is a minimal counterexample to the statement
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of this lemma, every automorphism of XB preserves IB . Lemma 4.5 now tells us that
every isomorphism from XB to its cyclic almost complement also preserves the 1-factor
IB and hence that every isomorphism from X to X ∗ maps a pair of opposite blocks
to a pair of opposite blocks.
Consider the subgraph X [B ∪ n(B)] induced by two opposite blocks. Notice that
it is a circulant with 〈n=|B|〉 as a regular cyclic subgroup of its automorphism group.
Since all subgraphs of X induced by two opposite blocks are isomorphic and since
any isomorphism from X to X ∗ maps a pair of opposite blocks to a pair of opposite
blocks, X [B∪n(B)] is a cyclically almost self-complementary circulant. Hence, by the
minimality of X , every automorphism of X [B∪n(B)] preserves its associated 1-factor
I [B ∪ n(B)].
Now let  be an automorphism of X that does not preserve the 1-factor I . Without
loss of generality we may assume that (I [B ∪ n(B)]) * I . On the other hand, 
induces an automorphism B of XB, which must preserve IB, whence −k(X [B ∪
n(B)])=X [B∪ n(B)] for some k ∈Z2n. We thus have an automorphism −k of the
cyclically almost self-complementary circulant X [B∪n(B)] that does not preserve the
associated 1-factor, a contradiction.
Case 3: Aut(X ) has a block B0 of size n. Let B1 be the n-block (B0) and B =
{B0; B1}. We may assume B0 = 2Zn and B1 = 2Zn + 1 = {2x + 1: x∈Zn}. Can n be
composite? Since n is odd, X [B0] is a self-complementary circulant. If n is composite,
then Aut(X [B0]) admits a complete block system C with nontrivial blocks of odd size.
Hence, AxAut(X )(B)|B06Aut(X [B0]) admits C as a complete block system, and so by
Lemma 4.1, Aut(X ) admits a complete block system with nontrivial blocks of odd size
¡n and Case 2 applies.
Hence, we may assume n is prime. Let ∈Aut(X ). Since (I) = I and Aut(X ) =
〈〉 ·AxAut(X )(B), the automorphism  will preserve I if and only if j preserves I for
every j∈Z. We may thus assume that  Axes B and, moreover, that (0) = 0. Hence
|Bi ∈Aut(X [Bi]) for i = 0; 1, and since n is prime and X [Bi] is a self-complementary
circulant, we have that Aut(X [Bi])6AGL1(n) for each i = 0; 1. Thus, by Burnside’s
Theorem 2.11, (2x)=2ax and (2x+1)=2(bx+c)+1 for some a; b∈Z∗n and c∈Zn.
Note that in these expressions x∈Zn while  : Z2n → Z2n. Observe that if a = b, then
for a Axed length 2y + 1∈ S, the n edges of X of the form {2x; 2x + 2y + 1} and of
length 2y + 1 will be mapped to the n edges of the form {2ax; 2bx + 2by + 2c + 1}
of n distinct lengths 2(b− a)x+ 2by+ 2c+ 1. As half of these lengths will not be in
S, we conclude that a= b. Hence,  maps every edge of length 2y + 1 to an edge of
length 2(ay + c) + 1.
Let  :Zn → Zn be deAned as  (y) = ay + c. Then  describes the action of  on
odd edge lengths. As  is a nontrivial automorphism of X , the permutation  has at
least two cycles in its disjoint cycle form and therefore a = 1. It is then not diGcult to
see that  consists of a single Axed point and (n−1)=k cycles of length k, the order of
a in Z∗n . Moreover, the unique Axed point is −c(a− 1)−1 and the k-cycles are of the
form (bi − c(a− 1)−1; bia− c(a− 1)−1; bia2 − c(a− 1)−1; : : : ; biak−1 − c(a− 1)−1) for
i= 0; 1; : : : ; (n− 1)=k − 1, where b is a generator for Z∗n such that a= b(n−1)=k . Such a
generator exists by [2, Lemma 11]. Note that the sum of the entries in each k-cycle is
∑k−1
j=0 (b
iaj − c(a− 1)−1) ≡ −ck(a− 1)−1 (mod n). As the elements of Zn representing
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odd edge lengths of S must occur in (n − 1)=2k of the k-cycles, their total sum is
congruent to −c(a−1)−1 · (n−1)=2 modulo n. On the other hand, since S=−S, these
elements of Zn occur in pairs with sums of n− 1. Hence
−c(a− 1)−1 · n− 1
2
≡ n− 1
2k
· k
2
· (n− 1) (mod n);
which implies that the Axed point of  is −c(a − 1)−1 ≡ (n − 1)=2 (mod n). This
means that  maps edges of length n to edges of length n, thus preserving I . Hence
Aut(X ) preserves I , contradicting the assumption of the lemma.
The next three lemmas will prove helpful when we analyze the blocks of a cyclically
almost self-complementary circulant. A variation of the Arst of these lemmas was
published in [8]. For clarity and self-containment of this paper, we include the proof.
Lemma 4.7 (Dobson [8]). Let G be a transitive permutation group that admits a
complete block system B of m blocks of a prime size p such that B is formed by the
orbits of some normal subgroup N/G. Let ≡ be an equivalence relation on B de>ned
as follows: B ≡ B′ if and only if for every ∈N , |B is a p-cycle whenever |B′ is a
p-cycle. Let C1; C2; : : : ; Ca be the equivalence classes of ≡ and let Ei = ∪B∈Ci B.
Then E= {Ei: i= 1; 2; : : : ; a} is a complete block system of G. In addition, if  is
a graph with G6Aut() and B; B′ ∈B such that B ≡ B′, then either there are no
edges between B and B′ in  or else, every vertex in B is adjacent to every vertex
in B′.
Proof. First observe that since N has orbits of length p, p divides |N |, and N therefore
contains an element of order p. By taking an appropriate conjugate, if necessary, we
can see that for every block Bi ∈B there exists i ∈N of order p such that i|Bi is a
p-cycle.
Suppose the sets in E are not blocks of G. Then there exists 2∈G that does not
preserve the equivalence of the blocks in B. That is, there exist B; B′ ∈B such that
B ≡ B′ but 2(B) ≡ 2(B′). Now since B ≡ B′, there exists ∈N such that |B is a
p-cycle but |B′ is not. Since conjugation preserves the length of each cycle in the
cyclic form of a permutation, we have that 22−1|2(B) is a p-cycle but 22−1|2(B′)
is not. Since 22−1 ∈N , this contradicts the assumption that 2(B) ≡ 2(B′). Hence
E= {Ei: i = 1; 2; : : : ; a} is a complete block system of G.
Finally, let  be a graph with G6Aut() and B; B′ ∈B two nonequivalent blocks
such that some vertex in B is adjacent to some vertex in B′. Since B ≡ B′, without
loss of generality, there exists ∈N such that |B is a p-cycle and |B′ is not. We
may assume that |B′ = id|B′ (if that is not the case, just replace  by an appropriate
power of its own). The existence of such ∈Aut() now implies that every vertex
of B is adjacent to some vertex of B′. We And 2∈Aut() that acts as a p-cycle on
both B and B′ as follows. We know there exists ′ ∈N of order p such that ′|B′ is
a p-cycle. If ′|B is also a p-cycle, let 2= ′. Otherwise, we may assume ′|B = id|B
and let 2 = ′. In either case, both 2|B and 2|B′ are p-cycles. The existence of such
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an automorphism 2 in addition to the observation above now implies that every vertex
of B is adjacent to every vertex of B′.
The next lemma, the most technical in this paper, gives conditions under which a
complete block system with an odd number of blocks of size 2 implies a complete
block system with blocks of odd size.
Lemma 4.8. Let r be an odd integer, and let G6 S2r be a transitive permutation
group that contains a regular cyclic subgroup 〈〉 and admits a complete block system
B with r blocks of size 2. If AxG(B) is of order 2, then one of the following is
true:
1. G admits a complete block system with nontrivial blocks of odd size, or
2. if X is a circulant graph of order 2r with G6Aut(X ) and G′6Aut(X ) is the
largest subgroup of Aut(X ) that admits B as a complete block system, then
|AxG′(B)|¿ 2.
Proof. Suppose G does not admit any nontrivial blocks of odd size. Let C be a
complete block system of G with r=t blocks of size 2t, where t¿ 3 is odd and as
small as possible. Choose any C ∈C. As r=t ∈ AxG(C), we have that AxG(C)|C is
transitive and contains a regular cyclic subgroup. If AxG(C)|C is imprimitive with a
complete block system DC , and the blocks of DC are not blocks of B, then by Lemma
4.1, G admits a complete block system with blocks of size 2v, with v¡ t, contradicting
our choice of t. We conclude that the only nontrivial complete block system DC of
AxG(C)|C consists of those blocks of B that are contained in C. This then implies that
(AxG(C)|C)=DC = (AxG(C)|C)=B is primitive.
Since G admits C and B as complete block systems with blocks of size 2t and 2,
respectively, we may assume that G acts on Zr=t × Zt × Z2 such that if g∈G, then
g(i; j; k) = (5(i); 6i(j); k + di;j), where 5∈ Sr=t , 6i ∈ St and di;j ∈Z2. Moreover, we may
assume that (i; j; k) = (i+ 1; j + ei; k + 1), where ei = 0 if i = r=t − 1, and er=t−1 = 1.
This implies that r(i; j; k) = (i; j; k + 1) so that AxG(B) = 〈r〉.
Next we show that (AxG(C)|C)=B is doubly transitive. This is easy to see if t
is composite since (AxG(C)|C)=B contains a regular cyclic subgroup of order t and
all cyclic groups of composite order are Burnside groups by Theorem 2.13. Sup-
pose now that t is prime and (AxG(C)|C)=B is not doubly transitive. Then by Burn-
side’s Theorem 2.11, (AxG(C))|C=B6AGL1(t), and it is not diGcult to verify that
(AxG(C))|C=B contains a unique Sylow t-subgroup. Since AxG(C)=B6 idSr=tKAGL1(t),
we can see that AxG(C)=B then contains a unique Sylow t-subgroup T ′, which is
therefore characteristic in AxG(C)=B / G=B. Let T be a Sylow t-subgroup of AxG(C).
Since |AxG(B)| = 2, we have that |T=B| = |T |, whence T=B is a Sylow t-subgroup
of AxG(C)=B and T=B = T ′. It follows that T=B / G=B. As AxG(B) centralizes T
(since it centralizes G), T is the unique Sylow t-subgroup of T · AxG(B) and is
therefore characteristic in T ·AxG(B). Finally, since (T ·AxG(B))=B=T=B /G=B with
AxG(B)6T ·AxG(B), it follows that T ·AxG(B)/G. Hence T/G. Thus, G has a normal
subgroup whose orbits of size t form a complete block system D with blocks of odd
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size t, a contradiction. We conclude that (AxG(C)|C)=B is doubly transitive for each
C ∈C.
Let L = {g−12r=tg: g∈G} and H = 〈L〉. Note that every element of L has order
t. We claim that H is a normal subgroup of G. Any #∈H must be of the form
#= 5a11 5
a2
2 · · · 5a‘‘ , where ai ∈Zt and 5i ∈L for i=1; : : : ; ‘. For any g∈G we then have
g−1#g= g−15a11 5
a2
2 · · · 5a‘‘ g
= (g−151g)a1 (g−152g)a2 · · · (g−15‘g)a‘ :
As 5i ∈L, we have 5i=g−1i 2r=tgi for some gi ∈G. Hence g−15ig=(gig)−12r=t(gig)∈L
and g−1#g∈H . Therefore, H /G. Since 2r=t ∈ AxG(C) and AxG(C) / G, we have that
H6 AxG(C) and the orbits of H have either length t or 2t. If they have length t,
as H / G, G admits nontrivial blocks of odd size, contradicting our initial assumption.
Hence, the orbits of H are of length 2t.
Next we show that r ∈ H . Since H6 AxG(C), any 5∈L acts as 5(i; j; k) =
(i; 6i(j); k + di;j) where 6i ∈ St is of order t and di;j ∈Z2 for every i∈Zr=t and j∈Zt .
Since |5| = t, we have that ∑j∈Zt di; j ≡ 0 (mod 2) for every i∈Zr=t . Therefore
every #∈H , since it is of the form 5a11 5a22 · · · 5a‘‘ for 51; 51; : : : ; 5‘ ∈L, acts as
#(i; j; k) = (i; 9i(j); k + ei; j), where
∑
j∈Zt ei; j ≡ 0 (mod 2) for every i∈Zr=t . It is now
clear that r ∈ H .
Since the orbits of H have length 2t and H admits B as a complete block system,
for any chosen block B∈B there exists h∈H that interchanges the two points in B.
That is, for every i∗ ∈Zr=t and every j∗ ∈Zt there exists h∈H such that h(i; j; k) =
(i; :i(j); k+bi; j) with :i∗(j∗)=j∗ and bi∗ ; j∗=1. This then implies that 2 divides |h|. By
raising h to an appropriate odd power, we may assume without loss of generality that h
has order a power of 2. Note then that h=B = id, as otherwise id = h∈ AxG(B)= 〈r〉
and it was shown above that r ∈ H . We may also assume that h is of minimal order
while preserving the property that :i∗(j∗) = j∗ and bi∗ ; j∗ = 1 for some i∗ ∈Zr=t and
j∗ ∈Zt . Fix these i∗, j∗, and h. We show h has some special properties that can be
used to deduce the second statement of the lemma.
Choose any i∈Zr=t and let O be a nonsingleton orbit of :i. We now show that∑
j∈O bi; j ≡ 0 (mod 2). Let 2‘ be the maximum length of the orbits of :i for all
i∈Zr=t . If O is an orbit of :i of length 2‘, then h2‘ ∈ AxH (B) = {id}. We conclude
that for such orbits
∑
j∈O bi; j ≡ 0 (mod 2). If O is an orbit of :i of length 2m ¡ 2‘,
then h2
m
=B = id. Now h2m acts as h2m(i; j; k)= (i; :2mi (j); k + ci; j) for some ci; j ∈Z2. If∑
j∈O bi; j ≡ 0 (mod 2), then for j∈O, :2
m
i (j) = j and ci; j = 1. Hence h
2m has all the
properties required of h but with smaller order, contradicting our choice of h. Thus,∑
j∈O bi; j ≡ 0 (mod 2) for every nonsingleton orbit of :i.
Note that since the order of h, and hence of each :i, is a power of 2 and t is
odd, :i must have an odd number of singleton orbits. Since
∑
j∈Zt bi; j ≡ 0 (mod 2)
and
∑
j∈O bi; j ≡ 0 (mod 2) for every nonsingleton orbit, bi; j = 1 for an even number
of singleton orbits. Thus, for every i∈Zr=t there exists j∈Zt such that :i(j) = j and
bi; j =0. Therefore, by our choice of h, there exist distinct singleton orbits {j∗}, {‘∗},
and {n∗} of :i∗ such that bi∗ ; j∗ = bi∗ ; ‘∗ = 1, and bi∗ ; n∗ = 0.
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Let X be a circulant graph with G ≤ Aut(X ) and let G′6Aut(X ) be the largest
subgroup of Aut(X ) that admits B as a complete block system. With the help of
the automorphism h, we will show that |AxG′(B)|¿ 2 by Anding a permutation in
Aut(X ) ∩ AxG(B) distinct from r and id. For each i∈Zr=t deAne a homomorphism
;i : AxG(C)→ St by ;i(g) = (g|Ci)=B, where Ci = {(i; j; k): j∈Zt ; k ∈Z2}∈C. DeAne
an equivalence relation ≡ on C by Ci1 ≡ Ci2 if and only if Ker(;i1 )=B=Ker(;i2 )=B. As
in the proof of Lemma 4.7, it is not diGcult to see that the unions of the equivalence
classes of ≡ form a complete block system E of G.
First, assume that there is more than one equivalence class of ≡. Let Ei∗ ∈E be such
that Ci∗ ⊆ Ei∗ . Suppose that there is an edge e between a vertex of C and a vertex of
C′, where C; C′ ∈C such that C ⊆ Ei∗ , C′ ⊆ E, E ∈E, and E = Ei∗ . Our goal is to
show that every vertex of C is adjacent to every vertex of C′. Since 〈〉=E is regular,
there exists a∈Z2r such that a(e) is an edge between a vertex of Ci∗ and a vertex
of Cm ∈C|E . Furthermore, there exists b∈Zr=t such that ab(e) is an edge between a
vertex of Bi∗ ; j∗ and a vertex of Cm. We Arst show that every vertex of Ci∗ is adjacent
to every vertex of Cm.
As Ci∗ ≡ Cm, we have that (Ker(;i∗)|Cm)=B = {id}. As Ker(;i∗) / AxG(C) and
(AxG(C)|Cm)=B is primitive, we have that (Ker(;i∗)|Cm)=B is transitive, since otherwise
the orbits of (Ker(;i∗)|Cm)=B / (AxG(C)|Cm)=B would form a complete block system
of (AxG(C)|Cm)=B. This implies that for any B∈B|Cm , there is an edge between a
vertex of B and a vertex of Bi∗ ; j∗ . Since bi∗ ; j∗ = 1 and since there exists jm ∈Zt
such that :m(jm) = jm and bm;jm = 0, we have that some vertex of Bm;jm is adjacent
to both vertices of Bi∗ ; j∗ , and using r we can see that every vertex of Bm;jm is
adjacent to every vertex of Bi∗ ; j∗ . As (Ker(;i∗)|Cm)=B is transitive, it follows that
every vertex of Bi∗ ; j∗ is adjacent to every vertex of Cm, and using r=t we can see that
every vertex of Ci∗ is adjacent to every vertex of Cm. Finally, we apply −a to all
these edges to see that every vertex of C is adjacent to every vertex of C′. This now
implies that AxG(C)|Ei∗ 6Aut(X ). Moreover, since AxG(C)|Ei∗ admits B as a complete
block system, we have that AxG(C)|Ei∗ 6G′. Therefore, id; r ; r|Ei∗ ∈ AxG′(B) and
|AxG′(B)|¿ 2.
It remains to consider the case when there is just one equivalence class of ≡.
DeAne an equivalence relation ≡′ on B by B ≡′ B′ if and only if StabAxG(C)=B(B) =
StabAxG(C)=B(B
′), and let F be the collection of the unions of the equivalence classes of
≡′. It is not diGcult to see that F is a complete block system of G. As (AxG(C)|C)=B
is doubly transitive, each equivalence class of ≡′ can contain at most one block of
B|C for each C ∈C. Thus, the number of blocks of B in each equivalence class
of ≡′ is a divisor of r=t. As Ker(;i)=B = Ker(;i′)=B for all i; i′ ∈Zr=t , we have
that ;i(AxG(C)) = (AxG(C)|Ci)=B is a faithful representation of AxG(C)=B for all
i∈Zr=t . As (AxG(C)|C)=B is doubly transitive, its minimal normal subgroup is one
of the groups listed in [6, Theorem 5.3], and each of these groups has at most two
representations. By Lemma 2.6, the representations ;i(AxG(C)) and ;i′(AxG(C)) of
AxG(C)=B are equivalent if and only if for any B∈B|Ci there exists B′ ∈B|Ci′ such
that StabAxG(C)=B(B) = StabAxG(C)=B(B
′), that is, such that B ≡′ B′. As AxG(C)=B has
at most two representations, it is then easy to see that each equivalence class of ≡′
contains either r=t or r=(2t) blocks of B. As r=t is odd, we conclude that each equiv-
E. Dobson, M. -Sajna /Discrete Mathematics 278 (2004) 23–44 39
alence class of ≡′ contains r=t blocks of B and that the representations ;i(AxG(C))
and ;i′(AxG(C)) are equivalent for all i; i′ ∈Zr=t .
Let Fi∗ ∈F be the union of the members of the equivalence class of ≡′ that contains
Bi∗ ; j∗ . We now show that r|Fi∗ ∈Aut(X ), which will then imply |AxG′(B)|¿ 2 as
before. Suppose that there is an edge e between a vertex of Fi∗ and a vertex of F ,
where F ∈F and F = Fi∗ . By replacing e with its image under an appropriate power
of , we may assume without loss of generality that e is an edge between a vertex
of Bi∗ ; j∗ and a vertex of B∈B|F . Let Cm ∈C such that B ⊆ Cm. We show that
every vertex of Bi∗ ; j∗ is adjacent to every vertex of Cm that is not contained in Fi∗ .
Let B′; B′′ ∈B|Cm be such that B′ ≡′ Bi∗ ; j∗ and B′′ ≡′ Bi∗ ; j∗ . Since (AxG(C)|Cm)=B is
doubly transitive, there exists g∈ AxG(C) such that g(B′)=B′ and g(B′′)=B. The former
implies g(Bi∗ ; j∗)=Bi∗ ; j∗ as g Axes both Ci∗ and Fi∗ set-wise and Ci∗∩Fi∗=Bi∗ ; j∗ . This
shows that there is an edge between some vertex of Bi∗ ; j∗ and some vertex of each
B′′ ∈B|Cm that is not equivalent to Bi∗ ; j∗ , and the number of such edges is the same for
all B′′. We have seen that there exists a singleton orbit {jm} of :m such that bm;jm =0.
If Bm;jm ≡′ Bi∗ ; j∗ , then we can use the automorphisms h and r to establish that every
vertex of Bi∗ ; j∗ is adjacent to every vertex of Bm;jm , and hence to every vertex of Cm
not contained in Fi∗ . If Bm;jm ≡′ Bi∗ ; j∗ , however, then there exists a∈Z2t such that
ar=t(i∗; j∗; k)= (i∗; ‘∗; k); namely, a= ‘∗− j∗ if ‘∗− j∗ is even, and a= t+ ‘∗− j∗ if
‘∗− j∗ is odd. Then Bm;jm−a ≡′ Bi∗ ; j∗ and −ar=thar=t(i; j; k)= (i; 2i(j); k+ ci; j), where
2i(j)=:i(j+a)−a and ci; j=bi; j+a. Moreover, 2i∗(j∗)= j∗ with ci∗ ; j∗ =bi∗ ; ‘∗ =1 and
2m(jm − a) = jm − a with cm;jm−a = bm;jm = 0. We can therefore use the action of the
automorphisms −ar=thar=t and r on the blocks Bi∗ ; j∗ and Bm;jm−a to conclude that
every vertex of Bi∗ ; j∗ is adjacent to every vertex of Cm not contained in Fi∗ . It is then
easy to see that r|Fi∗ ∈Aut(X ) and the result |AxG′(B)|¿ 2 follows as before.
The next lemma will be used to argue that an almost self-complementary circulant of
order 2n is either of the form X = XnKKc2 , where Xn is a self-complementary circulant
of order n, or it must have nontrivial blocks of odd size.
Lemma 4.9. If X is a circulant of order 2n with n odd, such that Aut(X ) admits a
complete block system B of n blocks of size 2, then either X =XnKK2 or X =XnKKc2 ,
where Xn is a circulant graph of order n, or else Aut(X ) admits a complete block
system with nontrivial blocks of odd size.
Proof. Throughout this proof, let G=Aut(X ). First observe that, since G admits a com-
plete block system of n blocks of size 2, AxG(B) is a 2-group, and since n ∈ AxG(B),
it is nontrivial. Moreover, N =AxG(B) is a normal subgroup of G that acts transitively
on each 2-block. Hence, the complete block system B is formed by the orbits of N .
We can therefore deAne an equivalence relation ≡ on the blocks of B as in Lemma
4.7 to And that G has a complete block system E with blocks arising from the equiv-
alence classes of ≡. The structure of the graph now depends on the number of the
equivalence classes.
First, we consider the case when E consists of n blocks of size 2. By Lemma 4.7,
any two nonequivalent blocks of B have either all possible edges between them or
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none at all, and since G is transitive on B, the subgraphs induced by the 2-blocks are
all isomorphic. This implies that X is a wreath product of a graph Xn of order n by
either K2 or Kc2 . Since 〈〉=B6Aut(Xn), Xn is in fact a circulant.
It remains to consider the case when E consists of s blocks of size 2r where r ¿ 1.
Our goal is to show that G admits nontrivial blocks of odd size. Take any E ∈E
and let K = AxG(E)|E . Furthermore, let K ′ be the largest subgroup of Aut(X [E]) that
admits B|E as a complete block system. Thus, K6K ′6Aut(X [E]). Let B; B′ ∈B be
such that B ⊆ E and B′ * E. If X contains an edge from B to B′, then by Lemma
4.7, all possible edges between B and B′ are in X . Hence for any 5E ∈ AxK′(B|E), if
we deAne 5 as 5(x) = 5E(x) if x∈E, and as 5(x) = x if x∈V (X ) − E, then 5 is an
automorphism of X . Moreover, 5∈ AxG(B) and 5E = 5|E ∈ AxG(B)|E . It is then easy
to see that AxK′(B|E) = AxG(B)|E , and since E is the union of equivalent 2-blocks,
we have |AxG(B)|E |=2. Consequently, |AxK′(B|E)|=2. We can therefore use Lemma
4.8 to see that K = AxG(E)|E admits a complete block system CE with 2u blocks of
odd size t, where r = tu and t¿ 3. Hence, by Lemma 4.1, since G admits a complete
block system E of s blocks of size 2r and for some E ∈E, K = AxG(E)|E admits a
complete block system CE of 2u blocks of size t, G admits a complete block system
C of 2su blocks of size t.
Finally, we are ready to state and prove the main result of this section.
Theorem 4.10. Let X be a circulant of order 2n with an isomorphic cyclic almost
complement X ∗. Then either X = XnKKc2 , where Xn is a self-complementary circulant
of order n, or Aut(X ) has a complete block system B with nontrivial blocks of odd
size. In the second case, X [B] is a self-complementary circulant for every B∈B, and
XB is a cyclically almost self-complementary circulant, where XB is the graph with
vertex set B and with two blocks of B adjacent if and only if they are nonopposite
and the number of edges between them is of opposite parity to the number of edges
of X ∗ between any two opposite blocks.
Proof. By Lemma 4.6, Aut(X ) has a complete block system of n blocks of size 2.
Hence by Lemma 4.9, X = XnKK2 or X = XnKKc2 , where Xn is a circulant of order n,
or else Aut(X ) admits a complete block system B with nontrivial blocks of odd size.
Since X is an almost self-complementary circulant, the Arst option is impossible and
the second implies that Xn is self-complementary. In the last case, Lemma 4.3 shows
that X [B] is a self-complementary circulant for every B∈B and by Lemma 4.4, XB
is a cyclically almost self-complementary circulant.
The following example shows that not every cyclically almost self-complementary
circulant is a wreath product of a self-complementary circulant with Kc2 . Let X1 =
X(10; {1; 2; 8; 9}). Clearly, X1 is isomorphic to its cyclic almost complement X(10; {3;
4; 6; 7}). Now, the only self-complementary circulant of order 5 is the 5-cycle C5 =
X(5; {1; 4}). But X1 and X2 =C5KKc2 are not isomorphic as every edge of X1 lies in a
3-cycle while X2 has no 3-cycles (Fig. 2).
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Fig. 2. Nonisomorphic cyclically almost self-complementary circulants X1 = X(10; {1; 2; 8; 9}) and
X2 = C5KKc2 .
An alternative proof of Theorem 1.3 now follows easily from Theorem 4.10.
Proof of Theorem 1.3. We just need to prove the necessity part. Suppose X is the
smallest cyclically almost self-complementary circulant such that its order 2n has a
prime divisor p ≡ 3 (mod 4). By Theorem 4.10, either X = XnKKc2 , where Xn is a
self-complementary circulant of order n, or Aut(X ) has a complete block system B
with 2s blocks of odd size r ¿ 1 such that for any B∈B, X [B] is a self-complementary
circulant, and XB is a cyclically almost self-complementary circulant. In the Arst case,
Theorem 1.1 shows that p does not divide n, and in the second case we have that p
does not divide r by Theorem 1.1 and p does not divide s by the minimality of X .
We thus have a contradiction.
5. Almost self-complementary Cayley graphs on dihedral groups
At this point it seems natural to ask about the existence of almost self-complementary
Cayley graphs on noncyclic groups. In this section, we contribute a small part to the
solution of this open problem by examining almost self-complementary Cayley graphs
on a class of dihedral groups and showing that they are in fact circulants.
Since all Cayley graphs on dihedral groups can be viewed as metacirculants, we
begin with a brief introduction to this family of graphs. For more information on
metacirculants, the reader is referred to [2].
Let m and n be positive integers and set >= m=2. Let ∈Z∗n , and let S0; S1; : : : ; S>
be subsets of Zn satisfying the following conditions:
1. 0 ∈ S0 =−S0,
2. mSr = Sr for 06 r6 >, and
3. >S> =−S> if m is even.
We deAne the (m; n)-metacirculant X =X(m; n; ; S0; : : : ; S>) to be the graph with ver-
tex set V = {vij: i∈Zm; j∈Zn} and edge set E = {vijvi+rj+is: 06 r6 >; s∈ Sr}. DeAne
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two permutations  and ? on V by (vij)= v
i
j+1 and ?(v
i
j)= v
i+1
j . The group 〈; ?〉 thus
has the presentation 〈; ? : n = 1 = ?b; ??−1 = 〉, where b = lcm(m; ||). Metacir-
culants were Arst introduced by Alspach and Parsons in [2], where it was shown
that a graph X with vertex set V is an (m; n)-metacirculant graph if and only if
〈; ?〉6Aut(X ). In [2] it is also shown that any Cayley graph on a group that is a
semi-direct product of a cyclic group of order n with a cyclic group of order m is an
(m; n)-metacirculant, which implies that any Cayley graph on a dihedral group Dn of
order 2n is a (2; n;−1; S0; S1)-metacirculant graph. Thus, when studying Cayley graphs
on Dn, we lose no generality by considering them to be (2; n)-metacirculants.
We would like to point out that the condition in our next theorem that an almost
self-complementary graph and its isomorphic almost complement be Cayley graphs on
the same dihedral group should be understood in the strictest possible sense; we thus
have an analogue of cyclic almost self-complementarity for circulants.
Theorem 5.1. Let n be an odd integer such that the dihedral group Dn of order 2n
has the property that two Cayley graphs on Dn are isomorphic if and only if they are
isomorphic by a group automorphism of Dn. Then every almost self-complementary
Cayley graph X of Dn such that its isomorphic almost complement is also a Cayley
graph on Dn is isomorphic to a cyclically almost self-complementary circulant graph.
Proof. Let X ∗ be an isomorphic almost complement of X that is also a Cayley graph
on the same group Dn. Since its order 2n is assumed to be such that any two isomorphic
Cayley graphs on Dn are isomorphic by a group automorphism, there exists 5∈Aut(Dn)
such that 5(X )=X ∗. We shall use 5 to And an automorphism of X of order 2n, which
generates a regular cyclic subgroup of Aut(X ), thus showing that X is isomorphic to
a circulant.
For Dn, we use the presentation 〈; ?: n = 1 = ?2; ??−1 = −1〉. Each element of
Dn is thus of the form j?i where j∈Zn and i∈Z2. Let vij =j?i and Vi ={vij: j∈Zn}
for i∈Z2. The vertex set of each of X and X ∗ is thus V =V0 ∪V1. Notice that by left
multiplication,  and ? act as (vij)=
j?i=j+1?i=vij+1 and ?(v
i
j)=?
j?i=−j?i+1=vi+1−j ,
showing that X and X ∗ are (2; n)-metacirculants with automorphisms  and ?.
Since 5 is a group automorphism, it is order-preserving. Consequently, 5()=a for
some a∈Z∗n and 5(?) = b? for some b∈Zn, whence 5(vij) = 5(j?i) = ajbi?i = viaj+bi
for all i∈Z2, j∈Zn.
We proceed to identify the edges of the 1-factor I=K2n− (X ∪X ∗) and examine the
action of 5 on I . Since ∈Aut(X )∩Aut(X ∗), each of X [V0] and X ∗[V0] is a circulant
graph of order n, and since 5(V0) = V0, they are isomorphic. Since X [V0] ∪ X ∗[V0]
is a circulant and therefore a regular graph of odd order, I [V0] has no edges. Thus,
X [V0]∪ X ∗[V0] =Kn so that X [V0] is a self-complementary circulant graph of order n
with complement X ∗[V0], whence n ≡ 1 (mod 4). Suprunenko [19] has shown that in
this case, an isomorphism from a graph to its complement must have a Axed point, say
5(v0k) = v
0
k . Similarly, we can show that X [V1] is a self-complementary circulant and
hence 5|V1 has a Axed point v1‘. Consider the edge v0kv1‘. If v0kv1‘ ∈E(X ) then 5(v0kv1‘) =
v0kv
1
‘ ∈E(X ∗), a contradiction. Since 5−1 is an isomorphism from X ∗ to X , v0kv1‘ cannot
be an edge of X ∗ either. Hence v0kv
1
‘ ∈ I . As  preserves adjacency in both X and X ∗,
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we thus have I={v0k+jv1‘+j: j∈Zn}. Since 5(v0k)=v0ak=v0k and 5(v1‘)=v1a‘+b=v1‘, we have
ak ≡ k (mod n) and a‘+b ≡ ‘ (mod n). Hence 5(v0k+jv1‘+j)=v0ak+ajv1a‘+aj+b=v0k+ajv1‘+aj
and therefore 5(I) = I . We conclude that 5 is also an isomorphism from X ∗ to X .
Suprunenko [19] has also shown that the order of an isomorphism from a graph of
odd order to its complement is a multiple of 4. As 5(X [V0])=X ∗[V0], we thus have that
4 divides |5|. Hence there exists an even integer c such that |5c|=2 and, as c is even,
5c ∈Aut(X ). Since Z∗n is cyclic, 5c(vij)=viacj+di for some d∈Zn, and ac ≡ −1 (mod n).
We’ll show that ?5c ∈Aut(X ) is of order 2n. First observe that ?5c(vij) = vi+1j−di. Let r
be the order of d in the additive group Zn. Then r|n, r is odd, and |?5c| = 2r. Next
observe that  commutes with ?5c and hence the order of ?5c is lcm(n; 2r) = 2n.
Therefore 〈?5c〉 is a cyclic subgroup of Aut(X ) of order 2n, which implies that X is
isomorphic to a circulant of order 2n. Since ?5c is also an automorphism of X ∗, X
is in fact isomorphic to a cyclically almost self-complementary circulant.
The condition in the hypothesis of the preceding theorem that two Cayley graphs on
Dn are isomorphic if and only if they are isomorphic by a group automorphism of Dn
(that is, that Dn is a CI-group for graphs) is known to hold for n a prime [3], and for
some other special values of square-free n [9].
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